The purpose of this paper is to extend the fractional actionlike variational approach by introducing a generalized fractional derivative operator. The generalized fractional formalism introduced through this work includes some interesting features concerning the fractional Euler-Lagrange and Hamilton equations. Additional attractive features are explored in some details. 
Introduction
It is well-known that for nonconservative dynamical systems subject to internal damping and external forces, traditional Lagrangian and Hamiltonian mechanics do not hold and therefore cannot succeed to illustrate properly the decaying behavior. However, in the literature there exists different methods devised to describe dissipative effects and decaying scenarios, i.e. the Rayleigh dissipation function, which can be used when the frictional forces are proportional to the velocity. In order to identify the equations of motion in such a dissipative process, another scalar function it is required in addition to the Lagrangian. Unfortunately, the new scalar function cannot emerge in the Hamiltonian function, so there is no point in quantizing * E-mail: nabulsiahmadrami@yahoo.fr the corresponding friction. Accordingly, dissipative forces can be calculated from potentials that enclose fractional derivatives. Supplementary methods were explored in the last ten years, in particular those dealing with the fractional problem of the Calculus of Variations (CoV) and the corresponding Euler-Lagrange equations were obtained using both Lagrangian and Hamiltonian formalisms [1-5, and references therein] . Fractional integral and derivative approaches have been shown to be useful in the study of several complex dynamical systems. Today, fractional integration appears in various fields, some in the form of not-so-subtle variation and generalizations. The term fractional is a misnomer, as fractional calculus refers to any non-integer order integro-differentiation, whether that is rational, irrational or complex. Owing to their apparent scale-invariant features fractional operators provide a useful tool for dealing more accurately with complex dynamics with multiple scales. However, the fractional problem of the CoV still needs more investigation as the problem is exceptionally related to the fractional quantization process and to the occurrence of non-local fractional differential operators. Recently, we proposed a novel approach known as the Fractional Action-Like Variational Approach (FALVA) to model nonconservative dynamical systems where the fractional time integral introduces only one fractional parameter α ∈ 0 1 while in other models an arbitrary number of fractional parameters (orders of derivatives) appear [6, 7] . The resulting fractional Euler-Lagrange equation, contain time-dependent dissipative terms where many applications with encouraging results were discussed in [8] [9] [10] [11] [12] [13] . It is notable that the understanding of constrained Hamiltonian dynamical classical and quantum systems has been a long standing theoretical interest subject and for that reason, it is interesting to extend in this work the problem of nonconservative dynamical systems following a more generalized approach of FALVA. More precisely, we would like to explore generalized dissipative dynamics associated with a single time action integral that can deal with different forms of friction. This could be done by working with fractional derivative types of two orders α and β. The definition of the fractional differential operators are not unique and numerous definitions exist ranging from Grunwald-Letnikov fractional operators, Caputo, Weyl, Feller, Erdelyi-Kober, Riesz, Saxena, Raina, Kiraykova, and so on. However, the Riemann-Liouville (RL) and Caputo fractional operators are the most frequently used and have been popularized when fractional integration is performed. Recent studies confirm the importance of fractional derivatives to portray more precisely the nontrivial behavior of complex physical systems whose dynamics are distant from equilibrium and the evolution of physical systems with loss, hence our motivation to introduce the latter in this work [14] [15] [16] [17] . The paper takes the following format, Section I introduces the basic concept of the novel fractional derivative and Section II discusses and the new results obtained.
Generalized fractional derivative operator
The fractional derivative of order (α β) that are defined in the paper are as follows:
where β is a free parameter in the theory (real or complex) and
are the left and right Riemann-Liouville fractional derivatives augmented by the following properties: tional integral operator respectively. We recognize in the 3 rd case of equation (4) the one-dimension inversion of the Riesz fractional potential and in the 4 th and 5 th cases the Cresson-like fractional derivatives [18] and for real β, the Luchko-Martinez-Trujillo fractional derivative [19] .
Remark 2.1.
There exists a difference between the definition (1) and the well-known Feller derivative. The latter is in fact defined by:
where
Besides, in equation (5), β is a real parameter. Setting β = 0 in equation (5) leads to the Riesz fractional deriva-
whereas in our arguments it leads to D α ;0 = D α ;+ and by setting β = 1 into equation (5), the latter is reduced to:
which is interpreted as the regularized Liouville-Weyl fractional derivative [21, 22] while in our argument we get
As the parameter β in our arguments may be set as complex, the fractional derivative introduced in equation (1) is then complexified, as illustrated in the 4 th and 5 th cases of equation (4). This fact is interesting as it may lead to a complexified fractional dynamical system without using fractional derivatives in the complex plane. Furthermore, the fact that β in our arguments may also be set as real will lead to a more generalized fractional dynamics that will be characterized by a certain classification of the resultant fractional Euler-Lagrange equations. Such a classification is interesting and crucial for any variational problem. In other words, given two independent Lagrangian/Hamiltonian dynamical systems with respective Lagrangian L(D Furthermore, for any two functions and from the Lizorkin space of functions, the following formula for integration by parts for the fractional Riemann-Liouville derivative holds [18] :
Moreover, the following Leibnitz product rules still hold:
Generalized fractional EulerLagrange equation and generalized fractional Lagrangian and Hamiltonian dynamics
Our main aim is to find for a smooth Lagrangian function L : R×T M → R assumed to be a C 2 -function with respect to all its arguments, the stationary points of the fractional functional
under the initial condition ( ) = , where = / τ Γ is the Euler gamma function, 0 < α 1, τ is the intrinsic time, is the observer time, = τ, and the smooth Lagrangian function L : × R × R → R is a C 2 -function with respect to all its arguments. We may now start by presenting the original part by stating the following theorem: Theorem 3.1. 
Let L : R × T M → R be a Lagrangian and = (τ ξ) be the coordinate point of the generalized one
Making use of the least action principle we arrive to equation (9) after simple algebra.
Remark 3.1.
For β = 1 2 and α = 1 the fractional Euler-Lagrange equation (13) is reduced, in the sense of Riesz to:
Remark 3.2.
For β = 0, equation (13) is reduced, in the sense FALVA to [6, 7] :
Remark 3.3.
For β = 1 and α = 1, equation (13) is reduced to the special form:
Remark 3.4.
For β = 1 2 (1 − γ), equation (13) is reduced, in the sense of EL-Nabulsi-Torres to [8] :
Remark 3.5.
For β = 1 2 (1 + γ), equation (13) is also reduced, in the sense of EL-Nabulsi-Torres to [8] :
Remark 3.6.
For β = 1 2 (1 − γ) or β = 1 2 (1 + γ), the Lagrangian inside equation (12) is complexified and hence
We may split the Lagrangian into real and imaginary parts as: L = L R ± L I and therefore:
The complex part of the fractional action may lead to some kind of complexified dynamics which may differ entirely from the classical mechanics cardinally. Nevertheless, it has been observed in other work that complex actions play a critical role in quantum field theory [22, and references therein] and hence we expect that the resulted exotic solutions will hold physical meanings. The presence of the complex number inside the fractional action (20) inspires us to start the problem with a real Lagrangian system with N-degrees of freedom and a Lagrangian depending analytically on the dynamical variables, then complexified the system and afterward reconsidered as a Lagrangian system with 2N-real degrees of freedom. For this, we can write = 1 + 2 and = 1 + 2 with
and therefore the fractional Euler-Lagrange equation (17) is complexified and splitted as follows:
where γ = + = γ = γ. The same procedure holds for equation (18) . 
is given by [23] : and for simplicity, in the following we consider the following form of equation (22) We define now the fractional generalized momenta as:
Consequently, the fractional Hamiltonian is defined by: 
Remark 3.7.
Let us remark that for β = 1 2 (1 − γ), we may also split the Hamiltonian and the generalized momenta respectively like H = H R + H I α = P α + Q α P α = α Q α = α and accordingly, the fractional canonical equations (30) and (31) are of the following forms:
An Example
To illustrate we consider a fractional generalization of a free Lagrangian of one degree of freedom L = 1
The fractional equation of motion: 
The fractional canonical Hamiltonian is obtained from equation (29):
and accordingly, the fractional canonical equations (30) and ( 
We may conclude from equations (36), (37) and (34) that the fractional Lagrangian and the fractional Hamiltonian formalism are equivalent. In summary, the fractional CoV and mainly FALVA is a powerful tool used effectively in various fields of applied mathematics and theoretical physics in particular when dealing with nonconservative and dissipative dynamical systems. The new topic was launched in order to find the fractional Euler-Lagrange equations (FELE) and a suitable fractional Hamiltonian system as a generalization of the classical one. In this paper we investigated the fractional Euler-Lagrange and the fractional Hamilton equations corresponding to a fractional generalization of the fractional derivative. Specifically, we introduce a new type of fractional derivative and accordingly a more generalized fractional action which under certain limit reproduces a generalized fractional Euler-Lagrange equation from which a class of FELE is derived. We have also found that under certain limit, the fractional action and accordingly the FELE are complexified. Since the classical theory works well without any imaginary part in the action, we must in first approximation and for good phenomenology, expect that the contribution coming from the imaginary part is quite hidden. The model introduced here is at his beginning and many interesting applications are under progress.
